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Abstract

In the present work, the positive-definite conditions of the
elastic constants of two-dimensional (2D) quasicrystals with
non-crystallographic symmetries have been derived. These
results are necessary for studying elastic and mechanical
properties of two-dimensional quasicrystals both in theory and
in experiment.

1. Introduction

Since the first quasicrystal structure was observed, great
progress has been made in the study of the elastic properties of
quasicrystals. The independent elastic constants and the elastic
energy have already been derived for pentagonal planar
quasiperiodic structure and icosahedral phase (Levine et al.,
1985; Lubensky et al, 1985) and for planar quasicrystals with
eight-, ten- and twelvefold symmetries (Socolar, 1989), on the
basis of representation theory. In addition, the positive-definite
conditions satisfied by the elastic constants have already been
given for an icosahedral quasicrystal (Jaric & Nelson, 1988;
Ishii, 1992).

It is well known that a two-dimensional quasicrystal (2D
QQC) refers not to a real plane but to a three-dimensional solid
with two-dimensional quasiperiodic and one-dimensional
periodic structure. According to Janssen’s treatment (Janssen,
1992), Hu et al. (1996) have discussed the point groups of all
2D QCs in detail. Their work shows that there are 10 systems,
18 Laue classes and 57 point groups. Among them, 6 systems,
10 Laue classes and 31 point groups are crystallographically
allowable (called the first kind), and the remaining 4 systems,
8 Laue classes and 26 point groups are crystallographically
forbidden (called the second kind). In addition, using group-
representation theory, they have also calculated the numbers
of independent elastic constants, the scalar invariants of the
strain tensors up to second order (Hu ef al, 1996) and the
concrete matrix forms of the elastic constants (Hu et al., 1997)
for all 2D QCs with Fourier module of rank 5.

The requirement that the strain energy of a crystal must be
positive poses further restrictions on the elastic constants. Nye
(1957) discussed positive-definite conditions of the elastic
constants of crystals. In the present work, we wish to deduce
the positive-definite conditions of all elastic constants for the
second kind of 2D QCs mentioned above. It is clear that the
results given here are necessary for studying elastic and
mechanical properties of 2D QCs both in theory and in
experiment.
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2. Elastic constants of two-dimensional quasicrystals with non-
crystallographic symmetries

According to Hu et al. (1996, 1997), the number of elastic
constants related to the phonon field is the same for all two-
dimensional quasicrystals (Table 1), which is the same as that
for the crystalline hexagonal system. The elastic constants
related to the phason field and the phonon-phason coupling
are listed below sorted by Laue class.

(I) Laue class 11 (point group: 5, 5)

The elastic constants Ky, related to the phason field are
listed in Table 2, and Ry, the phonon-phason coupling in
Table 3. _

(II) Laue class 12 (point group: 5m, 52, Sm)

If2 || x;,, m L x, then K, = R, = R; = Ry = 0 in Tables 2
and 3.

If2 || x,, m L x,, then K, = R, = R, = R; = 0 in Tables 2
and 3.

(III) Laue class 13 (point group: 10, 10, 10/m)

K;=K; =R; =R, =R; = R; =0 in Tables 2 and 3.

(IV) Laue class 14 (point group: 10mm, 1022, 10m2,
10/mmm)

Ky=K,=R),=R; =R;=Rs; = R; = 0in Tables 2 and 3.

(V) Laue class 15 (point group: 8, 8, 8/m)

The elastic constants related to the phason field are listed in
Table 4, and the phonon-phason coupling in Table 5.

(VI) Laue class 16 (point group: 8mm, 822, 8m2, 8 /mmm)

K5 = R, =0 in Tables 4 and 5.

(VII) Laue class 17 (point group: 12, 12, 12/m)

The elastic constants related to the phason field are the same
as those of Laue class 15, i.e. Table 4, and all the elastic
constants of the phonon—phason coupling are zero.

(VIII) Laue class 18 (point group: 12mm, 1222, 12m2,
12/mmm)

The elastic constants related to the phason field are the same
as those of Laue class 16, and all the elastic constants of the
phonon-phason coupling are zero.

According to the generalized linear elasticity theory of
quasicrystals (Ding et al, 1993), we may write the elastic
energy density of two-dimensional quasicrystals as

F = 3CEiEy + 5K WiWia + Ry E; Wy

_, [l [R]ME]
=i[E W][[R]T x|l w )
@i,j,k,1=1,2,3),

where [C] denotes a 9 x 9 elastic constant matrix consisting of
Cj related to the phonon field, [K] denotes a 6 x 6 elastic
constant matrix related to the phason field with matrix
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Table 1. The elastic constants (Cyy,) related to the phonon field
of two-dimensional quasicrystals

The numbers in column 1 are subscripts #j, and those in row 1 are
subscripts kl.

11 2 33 23 31 12
11 Cy C, Chy 0 0 0

2 Cpy Cy Chy 0 0 0

33 Cps Ciy Cy 0 0 0

23 0 0 0 Cu 0 0

31 0 0 0 0 Cu 0

12 0 0 0 0 0 Ceot

1 Where Cgs = (Cy; — Cpy)/2.

elements Ky, [R] is a 9 x 6 elastic constant matrix related to
the phonon—phason coupling with matrix elements R, and
[R]" is the transpose matrix of [R]. E and W denote the phonon
and phason strain fields consisting of E; and W, respectively.

In order that this energy density is greater than zero for all
strain values unless all the strain values are zero, ie. the
quadratic form (1) must be positive-definite, the following

conditions are required:

Cllll C1122
Ciyp >0, 0,---,

C C

2211 2222
Cllll C1122 C1121 Rllll R1113
C‘2211 C2222
C21ll CZlZl R2111 R2113 > 07
Rllll R2111 Kllll K1113
Rlll? R2113 K1311 K1313
Cllll C1122 CllZl Rllll R1113 R1121
C2211 C2222
C2111 C‘2121 RZ]I] RZ]I’% R212] -0
Rllll R2111 Kllll Kllﬂ K1121
R1113 R2113 K1311 K1313 K1321
R1121 RZlZl K2111 K2113 K2121
@

Applying the above conditions, we can deduce the restraint
relations satisfied by the elastic constants.

3. Positive-definite conditions of elastic constants of non-
crystallographic two-dimensional quasicrystals

Substituting the elastic constants of Laue classes 11-18 into the
conditions described by (2), we derived the following results:

(I) The conditions of the elastic constants related to the
phonon field are the same for all the Laue classes 11-18. The
results are:
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Table 2. The elastic constants (K;y,) related to the phason field
of Laue class 11

The numbers in column 1 are subscripts #j, and those in row 1 are
subscripts kl.

11 22 23 12 13 21
11 K, K, K, 0 K, 0
2 K, K, K, 0 K, 0
23 K, K, K, K, 0 -K,
12 0 0 K, K, -K, -K,
13 K, K, 0 -K, K, K,
21 0 0 —K, -K, K, K,

Table 3. The elastic constants (Ry,,) related to the phonon—
phason coupling of Laue class 11

The numbers in column 1 are subscripts i, related to the phonon field,
and those in row 1 are subscripts &/, related to the phason field.

11 22 23 12 13 21

11 R, R, R, R, Rs —R,
2 —R, —R, —R, —R, —R, R,
33 0 0 0 0 0 0
23 R, -R, 0 R, 0 R,
31 —R, R, 0 R, 0 R,
12 R, R, —R; —R, R, R,

2
Cy >0, Cy>|Cul, (Cy+Cp)Cy >2CH, ()

which are the same as those for hexagonal crystals (Nye, 1957).
(I1) The other conditions are described as follows, sorted
into Laue classes:
(a) Laue class 11

(Ky — Ky)Cyy > Z(Rg + Rzzi) 4
(K, + K)(Cyy — Cpy) > 4(R% +R§) &)
(Cll - Clz)(Kl + Kz)K4 - 2(C11 - Clz)(Ké + K%)

— 4K (R} 4 R3) + 8[K4(R,Rs + R,R;)

+ K;(R{Rs — RyR5)] — 2(K; + Kz)(Rg + Ré) >0 (6)
(Cll - CIZ)C44K1K4 - (Cll - ClZ)C44(Ké + K;)

— 2Cu Ky (R} + R3) — (Cy; — Cp)Ky (R + RY)

+4Cu[Ko(R Rs + RyRg) + K7 (R Rs — RyRs)]

—2C, K (RE+ RY) +2(R5 + R)(RE+R2) > 0 (7
(Cll - CIZ)Z(KI + KZ)K4 + 8I<7(C‘11 - Clz)(RlRé - RZRS)

- 2(Cvll - Clz)ng - 4(C11 - ClZ)K4(R% + R%)

- 2(C11 - Clz)(Kl + KZ)(R% + Ré)

+8(R,Rs + R,R;)* > 0. 8)

One can prove that conditions (7) and (8) may be deduced
from conditions (3)—(6). Therefore, the fundamental positive-
definite conditions of elastic constants of Laue class 11 are
(3)—(6). In the following, we list only the fundamental positive-
definite conditions.

(b) Laue class 12

If2 | x,, m L x,, then
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Table 4. The elastic constants (K;y,) related to the phason field
of Laue class 15

The numbers in column 1 are subscripts ij, and those in row 1 are
subscripts kl.

11 2 23 12 13 21
11 K, K, 0 K, 0 K,
2 K, K, 0 —K; 0 —K;
23 0 0 K, 0 0 0
12 K, —K; 0 =t 0 K,
13 0 0 0 0 K, 0
21 K —K; 0 K, 0 =t

¥ Where ¥ =K, + K, + K.

(K — Ky)Cyy > 2R4217 (K + K)(Cyy — Cpy) > 4R%,
(Ciy — Cu)(K, + KK, —2(Cyy — Cp)K7 — 4K, Ry
+8K,R,R, — 2(K, + K,)R2 > 0.
The above conditions can also be derived from the results of
Laue class 11 by putting K¢ = R, = R; = R; = 0.
If 2 || x,, m L x,, then
(K — Ky)Cyy > 2R§, (Ky + K)(Cyy — Cpy) > 4R%,
(Ciy = CR(K; + KKy —2(Cyy — CIZ)Ké - 4K4R%
+ 8K R,R; — 2(K, + K,)R2 > 0.
The above conditions can also be derived from the results of
Laue class 11 by putting K; =R, =R, = R, = 0.
(c) Laue class 13
K, -K,>0, K,>0
(K + K)(Cyy = Cpp) > 4(R% + R%)
The above conditions can also be derived from the results of

Laue class 11 by putting K, = K; = Ry =R, = Rs = R¢ = 0.
(d) Laue class 14
K, —K,>0, (K, +K)C,—Cyp) >4R:, K, >0.

The above conditions can also be derived from the results of
Laue class 13 by putting R, = 0.
(e) Laue class 15

K, —K, >0,
K, >0,

(Ki + K,)(Cy — Cyp) > 4R + RY),
(Ki + K, +2K3)(K, — K,) > 4K3.
(f) Laue class 16
K, —K, >0,
K, >0,

(Ky + K)(Cpy — Cyp) > 4Rf,
K, + K, +2K; > 0.
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Table 5. The elastic constants (R,) related to the phonon—
phason coupling of Laue class 15

The numbers in column 1 are subscripts #j, related to the phonon field,
and those in row 1 are subscripts &/, related to the phason field.

11 22 23 12 13 21
11 R, R, 0 R, 0 —R,
22 —R, —R, 0 -R, 0 R,
33 0 0 0 0 0 0
23 0 0 0 0 0 0
31 0 0 0 0 0 0
12 R, R, 0 —R, 0 R,

The above conditions can also be derived from the results of
Laue class 15 by putting K5 = R, = 0.
(g) Laue class 17

K, > |K,|, K,>0, (K, +K,+2K)(K, —K,) > 4K:.

The above conditions can also be derived from the results of
Laue class 15 by putting all R = 0.
(h) Laue class 18

K, > |K,|, K;>0, K +K,+2K;>0.

The above conditions can also be derived from the results of
Laue class 16 by putting all R = 0.
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